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Abstract 

We review the recent progress made towards the classification of supersymmet- 
ric solutions in ten and eleven dimensions with emphasis on those of JIB super- 
gravity. In particular, the spinorial geometry method is outlined and adapted to 
nearly maximally supersymmetric backgrounds. We then demonstrate its effec- 
tiveness by classifying the maximally supersymmetric IIB G-backgrounds and by 
showing that = 31 IIB solutions do not exist. 



Based on a talk given by D.R. on the RTN project 'Constituents, Fundamental Forces and 
Symmetries of the Universe' conference in Napoli, October 9 - 13, 2006. 



1 Introduction 



The supersymmetric solutions of D = 10 and D = 11 supergravities are instrumental 
in the understanding of string/M-theory dualities, compactifications and the AdS/CFT 
correspondence. Most of these solutions have been found using Ansatze adapted to 
the requirements of physical problems. However, the realization that there are new 
maximally supersymmetric solutions [1], the rediscovery of some old ones [21 |3], and 
their subsequent applications in AdS/CFT correspondence, have indicated that a more 
systematic investigation of supersymmetric solutions in supergravity theories is needed. 
By solving 71 = 0, where TZ is the supercovariant curvature, the authors of [1] classified 
the maximally supersymmetric solutions of = 10 and D = 11 supergravities. The 
G-structure method, based on the Killing spinor form bi-linears and refined in [5], has 
also been used in P, [7] to solve the Killing spinor equations (KSE) of = 1 backgrounds 
of D = 11 supergravity, i.e. the backgrounds that admit one Killing spinor. 

The spinorial geometry method of solving Killing spinor equations, proposed in [8] , is 
based on the gauge symmetry of Killing spinor equations, on a description of spinors in 
terms of forms, and on an oscillator basis in the space of spinors. In D = 11, it has been 
applied to considerably simplify the solution of the KSE for A^ = 1 backgrounds, and then 
to investigate backgrounds with two, three, four and 31 supersymmetries. Furthermore, 
spinorial geometry has been used to solve the KSE of IIB A^ = 1 backgrounds [9l [TO] , 
and to explore the geometry of supersymmetric heterotic backgrounds [11]. In this talk 
two of the most recent applications in IIB are reviewed. These are the supersymmetric 
backgrounds with the maximal number of G-invariant Killing spinors [10, [12] , and A^ = 
31 backgrounds |T3] . 

2 IIB maximally supersymmetric G-backgrounds 

Supersymmetric backgrounds can be characterized by the number A^ of Killing spinors 
and their stability subgroup G in an appropriate spin group [14J. For a given stability 
subgroup G, the KSE of IIB supergravity simplify for backgrounds that admit the max- 
imal number of G- invariant Killing spinors [TOl [15] . Such backgrounds can be thought 
of as the vacua of IIB strings in a compactification senario. In particular, it has been 
found that the Killing spinors can be written as 



where rjp, p = 1, ... ,m is a basis of G-invariant Majorana-Weyl spinors, r^m+p = "iVp} 
{fij) is an N X N invertible matrix of real spacetime functions. It turns out that in such 
cases the IIB KSE and their integrability conditions factorize [TOl [T5] . 

IIB Killing spinors are invariant under the subgroups 5'pm(7) xR^ (2), SU (4) xM^ (4), 



Sp{2) X (6), {SU{2) X SU{2)) x (8), R« (16), G2 (4), SU{3) (8), SU{2) (16) and 



{1} (32) of 5*^^^(9,1), where the number in parenthesis denotes the maximal number 
of invariant spinors in each case. These groups have been found in the context of the 
heterotic string [11]. The {1} (A^ = 32) case consists of the maximally supersymmetric 
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J = 1, . . . , A^ = 2m , 



(2.1) 
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backgrounds which have been classified in [1]. These are locally isometric to Minkowski 
spacetime M^'^, AdS^ x [16J and the maximally supersymmetric Hpp-wave [1]. The 
remaining cases have been classified in [101 [12] • It is instructive to distinguish between 
compact and non-compact stability subgroups in Spin{9, 1) because the geometry is 
different in these two cases. 

First consider the the supersymmetric backgrounds associated with the compact sta- 
bility subgroups G = G2,SU{3) and SU{2). The spacetime M of such backgrounds is 
locally isometric to a product M = X„ x Yio-n with n = 3,4,6, where Xn is a maxi- 
mally supersymmetric solution of an n-dimensional supergravity theory and yio-n is a 
Riemannian manifold with holonomy G. In the G2 case X3 = M^'^ and Yi is a holonomy 
G2 manifold. In the SU{3) case, X4 = AdS2 x 5"^ R^'^ or GW4, and Yg is a Calabi-Yau 
manifold, where GW4 is a 4-dimensional Cahen-Wallach plane wave. Similarly in the 
SU{4) case, Xq = AdS^ x S^, M^'^ or GWq and I4 is hyper-Kahler. Apart from the cases 
in which X„ is flat, all these backgrounds have non-trivial fluxes and the full solutions 
can be found in [T2] . 

Next we summarize the geometry and fluxes of supersymmetric backgrounds associ- 
ated with non-compact stability subgroups G = K \kW^ for K = Spin{7), S'f/(4), 5*^(2), 
SU{2)xSU{2) and {1}, for a detailed exposition see [12]. In all these cases, the spacetime 
M admits a null parallel vector fleld X and the holonomy of the Levi-Civita connection, 
V, of spacetime is contained in K M^, i.e. 

VaX = , hol(V) CK kR^ . (2.2) 

Therefore, the spacetime is a pp-wave propagating in an eight-dimensional Riemannian 
manifold Yg such that hol(V) C K, where V is the Levi-Civita connection of Yg. Alterna- 
tively, the spacetime is a two-parameter Lorentzian deformation family of Yg. Adapting 
coordinates along the parallel vector fleld X = d/du, the metric can be written as 

ds'^ = 2dv{du + Vdv + n) + ds'^{Ys) , ds^{Ys) = -fijdy^dy^ = 6ije)e^dy^dy^ (2.3) 

where V, n, and the metric ds'^{Ys) may also depend on the coordinate v. In all cases, 
the fluxes are null, 

P = P4v)e~, G = e-AL, F = e- A M , (2.4) 

and the Bianchi identities give dP = dG = dF = 0, where L and M are a two- and a 
self-dual four-form, respectively, of Yg- In particular, one flnds that P = P-{v). Let I be 
the Lie algebra of K. To give the conditions that the Killing spinor equations impose on 
the fluxes, decompose L G A^(M^) ® C and M G A^+(M'^) in irreducible representations 
of K as 

L = L^ + L"'" , M = M'"^" + M , (2.5) 

where is the Lie algebra valued component of L in the decomposition A^(M^) = 6 ©6^, 
and L™^ and M™^ are i^'-invariant two- and four-forms, respectively. M™^ decomposes 
further as M™^ = m° + M™^, where m° has the property that the associated Clifford 
algebra element satisfles m^e = ge, g ^ a spacetime function, for all Killing spinors e. 
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In a particular gauge, the Killing spinor equations imply that g is proportional to 
and restrict the spacetime dependence of L"^ and M"^. Furthermore, M takes values in 
a representation of K in A^"'"(]R®) with the property that the associated Clifford algebra 
element satisfies Me = for all Killing spinors e. and M are not restricted by the 
Killing spinor equations. 

For compact stability subgroup G, the Killing spinor equations imply the field equa- 
tions provided the Bianchi identities are satisfied. For the non-compact G, the integra- 
bility conditions of the Killing spinor equations and the Bianchi identities imply that 

all field equations are satisfied provided that E = 0, where E denotes the 

component of the Einstein equations. This in turn gives 

- \GJ^'^G%^,^ - 2P_P: = , (2.6) 

where 7^"^ is the inverse of the metric 7/j defined in (12.31) . For the special case of fields 
independent of f , this equation becomes 

- U,V + \{dn)i,{dnf - \F.,,...,,FJ--^^ - \GJ-'^GU^,^ - 2P^P1 = , (2.7) 

where Dg is the Laplacian on the eight-dimensional space Ig and dn takes values in I. 
Observe that the spacetime rotation and the fluxes contribute with different relative sign 
in the field equation as may have been expected. 

The backgrounds that we have found can be thought of as vacua of IIB string theory. 
This particulary applies to compact stability subgroups. The backgrounds M^~"'^ x Yn 
are vacua of IIB compactifications on G2 for n = 7, and on Calabi-Yau manifolds for 
n = 6 and = 4. The backgrounds AdS5-n/2 x S^'^^"^ x Yn can be thought of as either 
the vacua of the Calabi-Yau or S*^""/^ x Yn compactifications with fluxes. It is worth 
pointing out that there are additional vacua associated with the plane waves. 

3 N=31 in IIB 

The holonomy of the supercovariant connection of type II and D = 11 supersymmetric, 
< 32, backgrounds is a proper subgroup of S'L(32,M). In particular for any < 32, 
there are components of the supercovariant curvature which are not restricted by the 
gravitino KSE, for M-theory see [TTJ [181 [IS] and for IIB see [20]. Furthermore, it was 
argued in [15] that the Killing spinor bundle /C can be any subbundle of the Spin bundle 
and the spacetime geometry depends on the trivialization of /C. This is unlike what 
happens in the case of Riemannian and Lorentzian geometries fU[ [H] and heterotic 
and type I supergravities (provided the parallel spinors are Killing) [22] where there 
are restrictions both on the number of Killing spinors and the Killing spinor bundle. 
It is clear from the above arguments that the gravitino KSE allows for the possibility 
that supersymmetric backgrounds exist for any N. However, the algebraic KSE, Bianchi 
identities and field equations that supersymmetric backgrounds must satisfy are not 
included in the holonomy argument. Because of this, the holonomy argument is not 
conclusive. 
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To investigate whether there are backgrounds for any we consider IIB = 31 su- 
persymmetric backgrounds. Backgrounds with 31 supersymmetries have been considered 
in the context of M-theory [23j and have been called preons. We shall see that the IIB 
algebraic KSE implies that such backgrounds must be maximally supersymmetric [T3] . 
To our knowledge this is the first example which demonstrates that there are restrictions 
on the number of supersymmetries of type II backgrounds. To do this, we shall adapt 
the spinorial method [8] of solving Killing spinor equations to backgrounds that admit 
near maximal number of supersymmetries. We shall mostly focus on IIB but the analysis 
extends to D = 11 and other lower- dimensional supergravities. 

To adapt the spinorial method to backgrounds with near maximal number of super- 
symmetries, we introduce a "normal" /C"*" to the Killing spinor bundle /C of a supersym- 
metric background. The spinors of IIB supergravity are complex positive chirality Weyl 
spinors, so the Spin bundle is 5^ = 5+ ® C, where S+ is the rank sixteen bundle of 
positive chirality Majorana-Weyl spinors. S1_ may also be thought of as an associated 
bundle of a principal bundle with fibre S'L(32,M), the holonomy group of the superco- 
variant connection, acting with the fundamental representation on M^^. If a background 
admits Killing spinors which span the fibre of the Killing spinor bundle JC, then one 
has the sequence 

^ /C ^ 5^ ^ S^/IC . (3.8) 
The inclusion i : /C — > 5^ can be locally described as 

32 

^r = Y,f'rm. r = l,...,iV (3.9) 

i=l 

where r^p, p = 1, . . . , 16, is a basis in the space of positive chirality Majorana-Weyl 
spinors, //le+p = ii]p ^i-nd the coefficients / are real spacetime functions. For our notation 
and spinor conventions see [15]. Any N Killing spinors related by a local Spin{9, 1) trans- 
formation give rise to the same spacetime geometry. This is because the Killing spinor 
equations and the field equations of IIB supergravity are Lorentz invariant. Therefore 
any bundles of KiUing spinors and any choice of sections related by a Spin{9, 1) gauge 
transformation should be identified. 

The normal to the Killing spinor bundle, /C^, is a subbundle of S'l = ® C defined 
by the orthogonality condition 

B{u,e) = 0, (3.10) 

where u is a section of /C^, B = Re 5 is a non-degenerate inner product, and B : 
5+ CS) 5_ ^ M is a Spin{9, l)-invariant inner product 

S(e,C) = -i?(C,e)=<i?(e*),C> , (3.11) 

extended bi-linearly on S'^ ^ S'L. To write this orthogonality condition in components, 
introduce a basis in St, say 9i' = —Torji. Then write i/ = n* 9i' and the condition fl3.10p 
can be written as 

n^'B^^jfr = , (3.12) 
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where Bi'j = B{9i', rjj). 

Let us now consider the IIB = 31 backgrounds. The rank of /C"*" is one. The spino- 
rial geometry method can be apphed as follows. First the Spin{9, 1) gauge symmetry 
of the IIB KSE can be used to orient the normal spinor along three different directions. 
This is because there are three kinds of orbits of Spin{9, 1) in the negative chirality Weyl 
spinors with stability subgroups Spin{7) tx M^, S'f/(4) k and G2, respectively. This 
can be easily seen using the results of [9]. The three representatives can be chosen as 

ui = {n + im){e5 + 612345) , 1^2 = {n - i + im)e5 + {n + i + ^m)el2345 , 

1^3 = n{e^ + 612345) + im{ei + 6234) , (3.13) 

where according to spinorial geometry we have written the spinors as multi-forms. There- 
fore up to a Spin{9, 1) gauge transformation, K.^ can be chosen to lie along one of these 
three directions. In turn enforcing the orthogonality condition (13.121) . there are three 
different hyper-planes that the Killing spinors lie in the space of spinors. The expressions 
for the Killing spinors can be found in [13]. Next, one substitutes the Killing spinors into 
the IIB algebraic KSE. Then either a direct computation using an oscillator basis in the 
space of spinors or a straightforward argument based on the expression of Killing spinors 
in terms of forms reveals that the flux field strengths P and G vanish, P = G = 0. Due 
to this, the IIB gravitino Killing spinor equation becomes linear over the complex num- 
bers. This means that backgrounds with vanishing P and G fluxes always preserve an 
even number of supersymmetries. Thus backgrounds with 31 supersymmetries preserve 
an additional supersymmetry and so they are maximally supersymmetric. Later it was 
shown that IIA iV = 31 backgrounds are also maximally supersymmetric in ^3]. Thus 
there are no type II preons. 

Next let us consider = 31 backgrounds in eleven dimensions. D = 11 supergravity 
does not have an algebraic KSE and so the analysis presented for such backgrounds in 
type II theories does not generalize. Nevertheless, the spinorial geometry method can be 
easily adapted to investigate = 31 supersymmetric backgrounds in eleven dimensions. 
In particular, one can show that the Killing spinors, after an appropriate choice of the 
normal spinor up to Spin{10, 1) gauge transformations, take a rather simple form. Next, 
the holonomy argument indicates that there may be D = 11 backgrounds with = 31 
supersymmetries. But it turns out that all components of the supercovariant curvature 
vanish as a consequence of imposing in addition the Bianchi identities and the field 
equations of the theory. Thus the reduced holonomy of A^ = 31 backgrounds is in fact 
{1} and so these backgrounds admit an additional Killing spinor. Therefore the A^ = 31 
backgrounds are locally isometric to maximally supersymmetric ones [25j. Similar results 
also hold for type I supergravity. Therefore in Z) = 10 and D = 11 supergravities there 
are not supersymmetric backgrounds for all A^. This may lead to a simplification in the 
classification of supersymmetric backgrounds. 

Acknowledgement 

D.R. wishes to thank the organisers of the RTN project 'Constituents, Fundamental 
Forces and Symmetries of the Universe' conference in Napoli for the opportunity to give 



5 



a talk in a very nice and inspiring atmosphere. Part of the work on which this talk is 
based was completed while D.R. was a post-doc at King's College London, for which he 
would like to acknowledge the PPARC grant PPA/G/O/2002/00475. In addition, he is 
presently supported by the European EC-RTN project MRTN-CT-2004-005104, MCYT 
FPA 2004-04582-C02-01 and CIRIT GC 2005SGR-00564. U.G. has a postdoctoral fel- 
lowship funded by the Research Foundation K.U. Leuven. 



References 

[1] M. Blau, J. Figueroa-O'Farrill, C. Hull and G. Papadopoulos, JHEP 0201 (2002) 
047 |ar Xiv:hep-th/0110242j . 



[2 

[4 

[5] 
[6] 
[7 



[9 
[10 

[11 
[12 

[13: 

[14 



P. T. Chrusciel and J. Kowalski-Glikman, Phys. Lett. B 149 (1984) 107. 

J. Figueroa-O'Fa rrill and G. Papadopoulos, JHEP 0108 (2001) 036 
|arXiv:hep-th7010 5308| . 

J. Figueroa-O'Farrill and G. Papadopoulos, JHEP 0303 (2003) 048: 
[arXiv:hep-th/021108 9|. 

O. A. P. Mac Conamhna, Phys. Rev. D 70 (2004) 105024 |arXiv:hep-th/0408203| . 



J. P. Gauntlett and S. Pakis, JHEP 0304 (2003) 039 (arXiv:hep-th/0212008| . 

J. P. Gauntlett, J. B. Gutowski and S. Pakis, JHEP 0312 (2003) 049 
|^Xiv:hep-th/0311112|. 

J. Gillard, U. Gran and G. Papadopoulos, Class. Quant. Grav. 22 (2005) 1033 
|arXiv:hep-th/0410155 | . 

U. Gran, J. Gutowski and G. Papadopoulos, Class. Quant. Grav. 22 (2005) 2453 
[arXiv:hep-th/0501177 |. 

U. Gran, J. Gutowski and G. Papadopoulos, Class. Quant. Grav. 23 (2006) 143 
[arXiv:hep-th/0505074j . 

U. Gran, P. Lohrmann and G. Papadopoulos, JHEP 0602 (2006) 063 
|arXiv:hep-th70510176j . 

U. Gran, J. Gutow ski, G. Papadopoulos and D. Roest, Nucl. Phys. B 753 (2006) 
118 [arXiv:hep-th7 0604079 1 . 

U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, | arXiv:hep-th/06060^9} 

J. M. Figueroa-O'Farrill, Class. Quant. Grav. 17, 2925 (2000) 
|arXiv:hep-th/9904124| . 



[15] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, Class. Quant. Grav. 23 
(2006) 1617 [ar Xiv:hep-th/0507087] . 



6 



[16] J. H. Schwarz, Nucl. Phys. B 226 (1983) 269. 



[17] C. Hull, arXiv:hep-th/0305039 



[18] M. J. Duff and J. T. Liu, Nucl. Phys. B 674 (2003) 217 |arXiv:hep-th/0303140| . 

[19] G. Papadopoulos and D. Tsimpis, JHEP 0307 (2003) 018 | arXiv:hep-th/0306117| . 

[20] G. Papadopoulos and D. Tsimpis, Class. Quant. Grav. 20 (2003) L253 
| arXiv:hep-th/0307127 | . 

[21] M. Berger, Bulletin de la Societe Mathematique de France, 83:279, (1955). 

[22] U. Gran, P. Lohrm ann and G. Papadopoulos, JHEP 0602 (2006) 063 
|arXiv:hep-th/0510 176]. 

[23] I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo and J. Lukierski, Phys. Rev. 
Lett. 86 (2001) 4451 [ arXiv:hep-th/0101113| . 

I. A. Bandos, J. A. de Azcarraga, J. M. Izquierdo, M. Picon and O. Varela, Phys. 
Rev. D 69 (2004) 105010 |arXiv:hep- th/03 12266]. 

[24] I. A. Bandos, J. A. de Azcarraga and O. Varela, JHEP 0609 (2006) 009 
(a^iv:hep-th/0607060| . 



[25] U. Gran, J. Gutowski, G. Papadopoulos and D. Roest, arXiv:hep-th/0610331 



7 



